USITP-94-15 
December- 1994 
Revised January- 1996 



Field theory of anyons in the lowest Landau level 



T.H. Hansson*, J.M. Leinaas^ and S.Viefers^* 



ABSTRACT 

We construct a field theory for anyons in tlie lowest Landau level starting from the A^- 
particle description, and discuss the connection to the full field theory of anyons defined 
using a statistical gauge potential. The theory is transformed to free form, with the fields 
defined on the circle and satisfying modified commutation relations. The Fock space of 
the anyons is discussed, and the theory is related to that of edge excitations of an anyon 
droplet in a harmonic oscillator well. 



*Fysikum, University of Stockholm, P.O. Box 6730, S-11385 Stockholm, Sweden 
^Institute of Physics, University of Oslo, P.O. Box 1048 Blindern, N-0316 Oslo, Norway 
and Centre for Advanced Study, P.O. Box 7606 Skillebekk, 0205 Oslo, Norway 
*Supported by the Swedish Natural Science Research Council 
^Supported by the Norwegian Research Council 



1 



1. Introduction 

We consider in this paper the field theoretical formulation of anyons, not in general, 
but for particles in a strong magnetic field. This is an interesting case, since so far the 
only physical system where the presence of anyons has been established with any degree of 
confidence is the quantum Hall system [Q], where the particles move in a strong magnetic 
field. We assume the field to be sufficiently strong that the particles are constrained to 
the (generalized) first Landau level. The dynamics of the system is then effectively one- 
dimensional, and this simplifies some of the problems associated with the field theory 
formulation. For the full anyon problem, i.e. without the restriction to the lowest Landau 
level, the system can be described either in terms of Bose or Fermi fields with an non-local 
interaction to take care of the fractional statistics of the particles. Formulations of the 
theory without this statistics interaction, but with field operators which satisfy modified 
commutation relations have been attempted [0, ^, ^ but to carry out this consistently 
has proven to be difficult, since the phase factor associated with particle interchange cannot 
readily be absorbed in the algebraic properties of the field operators. In the one-dimensional 
case the problems associated with the ordering and interchange of particles are easier to 
handle. 

To make the one- dimensionality of the anyon system in the lowest Landau level explicit, 
we map the system onto a circle. It can then be transformed to a free field form, with field 
operators satisfying modified commutation relations. This leads to unconventional rules for 
the occupation of single particle levels. We consider a free field form of the Hamiltonian 
which for the anyon system corresponds to including a harmonic oscillator potential in 
the Hamiltonian. This field theory takes the form of a chiral Luttinger model, and the 
formulation is closely related to similar descriptions of edge excitations in the quantum 
Hall effect g 0. 

The discussion in the paper is organized as follows. We take, in Section 2, the A^- 
particle description of anyons in the lowest Landau level as our starting point, and introduce 
anyon field operators so that the wave function, in the standard way, can be regarded as 
the projection of the abstract state vector on the set of position vectors created by the 
(Hermitian conjugate) field operator. We introduce a transformation to fields with simple 
commutation relations and express the Hamiltonian and the total angular momentum 
operator in terms of these field operators. In Section 3, the field theory is transformed to 
a one- dimensional form with field operators defined on a circle. A further transformation 
gives a field equation of the free form, but with modified commutation relations. The Fock 
space representation constructed with these operators is discussed. In the last section we 
examine the free field theory corresponding to particles in a combined magnetic field and 
harmonic oscillator potential. This description is similar to the chiral fermion field theory 
introduced to describe edge excitations in the quantum Hall system. However, in the 
present case it describes the full djTiamics of the system of (non-interacting) particles in 
the lowest Landau level. We also show that neglecting finite size effects, it is equivalent to 
the description given by Wen of the edge of the quantum Hall state with filling fraction 
l/(2m + 1). In Appendix A we derive the field operators in the lowest Landau level from 
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the (bosonic) field operators of the full anyon system. In Appendix B we give a Lagrangian 
formulation for the corresponding system of particles on the circle, and in Appendix C we 
give a summary of the statistical mechanics for this system. 

2. Field operators in the lowest Landau level 

The general form of a multivalued A^-anyon wave function in the lowest Landau level is 

* (z, ^) = n {z^ - Zifi^ {z) e"'?'''\ (2.1) 
where dimensionless complex coordinates have been used, 

z^^{x + iy). (2.2) 

B is here the magnetic field and {x, y) are the coordinates of the two-dimensional plane 
where the particles are moving. We use z also as a shorthand notation for the set of 
coordinates, zi, ...,zn, of the A^-particle system. The holomorphic part of the wavefunc- 
tion, ipiz), is either a fully symmetric, or a fully antisymmetric function of the particle 
coordinates. We refer to these two possibilities as the bosonic and fermionic representa- 
tions respectively, u is the statistics parameter of the anyons, which is for bosons and 1 
for fermions in the bosonic representation. In this section and in Appendix A and B we 
mainly use this representation, whereas both possibilities are included explicitly when the 
field theory on the circle is introduced in Section 3. In the discussion related to the anyon 
droplet (Section 4 and Appendix C) however, the fermionic representation is the natural 
one to choose. 

We introduce a basis of position vectors in the lowest Landau level through the analytic 
part of the wave function in the following way 

{z) = (^1 V') ■ (2.3) 

The field operator ^(z) is defined by 

0(^)|O) = O (2.4) 

and 

\z) = \z,, ...Zn) = (^i) ...0^ {zn) |0) , (2.5) 



with |0) as the vacuum state and 0^(^) as the Hermitian conjugate field operator. This 
definition gives the standard expression for the wave function 'il){z) in terms of the field 
operator, 

^P{z) = i/j {zi, ...zn) = -^{0\<P (zn) ...<t> {zi) 1^) . (2.6) 
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The field operators act within the lowest Landau level, and the action of the operators on 
vectors orthogonal to this subspace is defined as zero. 

Consider the scalar product between two states of the lowest Landau level, 



\2u 



(fzi...(fzNe i -fN(z,z)\zi....ZN){zi....ZN\ll^'), 



where 



-fN{z,z) = Y[\Zi- Z- 



\2v 



(2.7) 



(2.8) 



This gives the completeness relation. 



/ 



d Zi...d zn e 



Jn{z,z) \Zi....Zn){Zi....Zn\ 



N 



(2.9) 



with Pjv as the projection on the A/^-particle space. This implicitly defines the overlap 
between basis vectors. 



qn {z\z) = {z'\ z). 



For arbitrary ^l){z) we have 



/ 



d'^Zi.-.d'^ZN e 



1n{z, z)gN {z', z) ip{z) = ip{z'), 



(2.10) 



(2.11) 



which means that acts as a 5-function in the space of analytic functions ip{z), when 
the i^-dependent term 7^ is included in the integration measure. However, because of 
the overlap function qn does not have a simple form. While gi{z) — b^^/tt, 512 is rather 
complicated. 



92{z'i, Z2,Zi, Z2) 



2^^712 



m=0 



-4)(^i -^2) 



2m 



r(2m + i/ + 1) 



(2.12) 



When the wave functions ip{z) are symmetric, the field operators (f){z) and (/){z') commute 
in spite of the complicated scalar product. However, the scalar product is important for 
the commutator 



A{z',z)^[cl>{z'),cl>\z)], 
as is illustrated by the following matrix elements of the operator A, 

Ao(^',^) = (0 Uiz'),cl>^{z)] Q)=g^{z',z) 



(2.13) 



(2.14) 
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= 2^2(4, 4> ^2) - ^i(4> ^2)- 



(2.15) 



Similar, but more complicated, expressions can be found for larger values of the particle 

number A^. 

That the commutator is a complicated operator and not a simple function 

of z' and z implies that the observables, when expressed in terms of and may take a 
rather complicated form. This is the case for the particle number as well as for the angular 
momentum operator, even if these have simple expressions in the A^-particle formulation. 
To recover these from the field theory expressions of the operators one has to make use of 
the commutators between the creation and annihilation operators. 

To simplify expressions, we introduce the dual basis |^)) by the orthogonality require- 
ment 



lsz'\ z)) = 5n{z',z) , 



(2.16) 



where the 5-function now refers to the integration measure where the i/-dependent factor 
77V is omitted 



5n {z', z) = 



1 



perm{z} 



(2.17) 



The completeness relation then becomes 



\z\....zt^)){z\....z-n\ 



— J (fzi...(fzN e * 

(fzi...(fzN e < \zi....zn){{zi....zn\ 



with the two sets of basis vectors related through the expression 

- y z'.z' 



t)) = j d'z[...d'z'^ e ^ ' 7iv(^', -A^N iz', z) \z') 



(2.18) 
(2.19) 

(2.20) 



Corresponding to the new basis we define the dual field operator 0+ by the relation 

1 



\z)) = \Zi, ...Zn)) 



ct>+ (^i)...0+ (^iv)|0). 



(2.21) 



For the operators (p and 0+ we find, in the bosonic representation, the commutation rela- 
tions 



W), ct>{z)] = U+(^'), ^^{^] = 0, \ct>{z'), ct>^{z) 



1 



— —e 

TT 



(2.22) 
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These follow from the symmetry of the wave functions and the orthogonality relation ( |2.16| ). 
Due to the simple commutator between and 0"'", the basic observables of the system can 
be given a simple field theoretic form. In the A^-particle representation the Hamiltonian is 
simply proportional to the particle number, 



H = —N (2.23) 
2m 



and the angular momentum is 



^^ = E^^^ + ^^(^-l)- (2-24) 



In the field theory formulation these operators have the form 



H = ^ I (fz e-''(f)+{z)(P {z) (2.25) 



2m 
and 

e-'^+ {z) + ^ / d^^' e-''U+ {z')<P (^')) <P (^) , (2-26) 

as can readily be verified by applying them to an A^-particle wave funtion (^1 ip). 

We stress that the dual field operator 0"*" is different from the Hermitian conjugate 
operator 0^ As already discussed, the observables ( p.25| ) and ( |2.26| ) cannot be written in 
a simple form in terms of the field operators and 0^ If we formally write the relation 
( ^.2(J| ) between the two sets of basis vectors as 

\z))=K\z), (2.27) 

the operators (p'^ and 0^ are related by 

0+ = A0U-^ (2.28) 

The operator A is positive definite and Hermitian, so it can be written in the form 

A"^ = S^S, (2.29) 

where 5* is a non-singular operator. This operator, which is only partly specified by its 
relation to A, can be used to introduce a new set of field operators, by the similarity 
transformation 

^ {z) = S(f) (z) S-^ (z) = S0+ {z) S-^ . (2.30) 

For the new field operators we have the same simple commutation relations ( p.22| ) as for 
and 0^. Also the transformed observables have the same form as in ( p.25|) and (|2.26|) , but 
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with and 0"'' replaced by (p and v?^- In this way one can obtain a more standard form 
of the observables in terms of the field operator and its Hermitian conjugate, but for the 
transformation ( |2.3U| ) we do not have an explicit expression. 

In this section we have introduced field operators starting from the A^-particle opera- 
tors constrained to the lowest Landau level. In Appendix A we show how to relate this 
description to the field theory description of the full anyon system, with the fractional 
statistics appearing in the form of a non-local interaction. 

3. Field theory on the circle 

The anyon system restricted to the lowest Landau level can be regarded as a one- 
dimensional system. One way to make this explicit is to map the system onto a circle. The 
field operator '^{z) is expanded in angular momentum eigenstates 



and the new operators x(^) are defined as 

OO 

x{0) = E 

1=0 



iW 



(3.1) 



(3.2) 



In the following we include in our discussion both the bosonic and fermionic anyon- 
representations. In the fermionic case the commutators ( |2.22| ) are changed to anticommuta- 
tors, and with both possibilities included in one equation, the commutator/anticommutator 
of the fields x is 



-I OO 

2^ fro 



per\ 



(3.3) 



where Sp^^{9) is the positive frequency part of the periodic delta function. The angular 
momentum has the following form in terms of the new operators 



Hr=L 



2n 



dd xKe) 



2tt 



de' x\e')x{e') 



x{0). 



(3.4) 



We shall in this section consider L to be the Hamiltonian of the system, and hereafter 
refer to it as Hi. This essentially corresponds to introducing a harmonic oscillator potential 
in addition to the magnetic field, as we discuss further in the next section. The equation 
of motion becomes 



dtx{o) = tmx 



ide + tuN)xi9) 



(3.5) 



where N is the particle number operator. The i/-dependent "statistics" term can be elim- 
inated by the following transformation: 



X(^), N 



(3.6) 
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and the new field operator satisfies the field equation 



(9t + = 0, (3.7) 

which has the form of a free field theory of massless, chiral fermions on the circle. The 
new fields obey modified commutation relations, 

^^(e)V^(e')±e""^'"''V^(^')V'^W = (3.8) 

i:{e)^\e')±e"'^'-''^ij\e')^{e) = A{e-e') 

with + and — referring to the fermionic and bosonic representations, respectively. The 
operator A{6) is defined as 



A(^) = e-'^'dUO) 



iuNd 

per \ 



— Ve*('+'^^)^ (3.9) 
2^ ;=o 



and is the natural modification of the 5-function defined in (|3.3| ), in the sense that 



27r 



de' ^\e')A{e' -6) = -^^e) (3.10) 



27r 



de' A{e - e')^ij{e') = ij{e) . (3.11) 

The commutation relations given above are similar, but not identical, to generalized com- 
mutation relations that previously have been considered for one- dimensional theories. (See 
for example Chap. 7 in |§].) 

We note that, due to the unconventional commutation relations satisfied by the field 
operators, the angular momentum does not have the free field form, but is instead given 
by 



r27r r ii r27r 

Hl= de ij\9) -ide - - / dO' i}\e')^{e' 
Jo I 2 Jo 



m- (3.12) 



The interaction term conspires with the unconventional commutation relations to give the 
free field equation of motion (|3.7|) for tp{6). 

The discussion in this section is entirely in a Hamiltonian framework, but there should 
also be a Lagrangian formulation, which would be appropriate for a path integral approach. 
In Appendix B we discuss the classical Lagrangian formulation, and show how to define 
Poisson brackets which, upon quantization, reproduce the commutation relations (|378|) to 
first order in u. 

Now consider the Fourier transform 

^(^) = E^a.e-^- (3.13) 
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In this expansion the Fourier variables are non-integers, but due to the periodicity of the 
original field ^ is restricted to 

K = k + iyn, (3.14) 
where k and n are non-negative integers. If we further introduce a set of basis states 

\kn, Ki) = -^4^. ..4^ |0) , (3.15) 

we have the restriction 

= ki + u{i-l), i = l,...N. (3.16) 

This means that aj. annihilates all states where the integer n is not equal to the particle 
number of the state. In operator form this is expressed through the identity 



iV = E4a«- (3.17) 



The operators and aj. satisfy the unconventional commutation relations 



a^ctA ± a-x-uO-K+u = (3.18) 



where 11^ is the projection on the subspace with particle number(s) n determined by k 
through ( p.l4| ). We note that if u is an irrational number, n is uniquely determined by 
k; if 1/ is a fraction p/q, n is determined only modulo q (assuming p and q do not have a 
common divisor). The projection II^; satisfies the relations 



axU^ = U^-u a\ (3.19) 
For rational u = p/q, we derive the following explicit expression for 11^, 



/•27r 00 -\ 1 

n, = / deJ2 e'''^"-'-"^)^ = - E e^™^"-^^), (3.20) 

■'^ 1=0 ^ n=l 



while for general u there is no such simple formula. 

The commutation relations ( |3.18| ) imply that for fermionic commutation relations for 
the original fields we have 

ai+A = 0. (3.21) 
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This leads, in this case, to the additional restriction ki ^ kj for the quantum numbers Ki 
given in ( |3.16|) . 



Since the field iIj{6) satisfies the free field equation ( ^.71 ) and the operators therefore 
have the simple time evolution 

a,(t) = e-*«V, (3.22) 
the states ( |3.15 ) are energy eigenstates with time evolution 



{k,, Kjv \^it)) = -^(0 M)...a^^{t)\ ^(0)) = e-'^^^^'{K,, |^(0)) . (3.23) 
Thus, the energy (or angular momentum) eigenvalue of the state is simply 



This permits an occupation number interpretation of the states (|3.15| ) generated by the 
operators a],. Such an operator creates a particle with energy k, and the total energy is 
equal to the sum of single particle energies, just as if the particles were non-interacting. 
Note however that the zz-dependent statistics interaction affects the values of the single 
particle energies, (|3.16| ). The commutation relations ( p.l8|) also show that the occupation 
number description is non-unique. A reordering of creation operators will give a different 
distribution over single particle levels, although the total energy remains invariant. This 
is illustrated in Fig.l for two different but equivalent distributions in the case u = 1/3. 
However, the distribution over single particle levels may be given a unique definition by 
introducing a normal ordering of creation operators. A possible definition of such a normal 
ordering of a string of creation operators aj.^...aj.^, would be the requirement 

/^i+i > -|- z/, Bose, 

i^i+i > Ki + u+l, Fermi. (3.25) 

This requirement can readily be seen to be satisfied for one of the possible orderings of the 
operators by use of the commutation relations ( |3.18| ). 

To comment a bit further on this occupation number description, we will assume 
V = p/q, with p and q integers. If we compare with the energy levels of the z/ = system, 
we note that there is a splitting of p of these levels into q levels in the new system. This 
gives a typical level distance of 1/g in the new system, although the level distance increases 
to p/q at the bottom of the spectrum. However, these levels cannot be freely filled with 
particles. When filled from the bottom of the spectrum (according to normal ordering), 
there has to be a minimum distance of p/q between one particle and the next, even if there 
are unoccupied levels in between. In terms of the levels of the z^ = system this is like 
having a maximum occupation of q/p for each level, but the energies of these particles are 
not the same due to the level splitting between the z/ = and the v = pjq systems. As an 
example, we show the ground state of the z/ = 4/5 system in Fig.2. 
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The occupation rules discussed above clearly suggest a connection to exclusion statistics, 
first introduced by Haldane 0. This connection can be made explicit, as will be discussed 
in a separate publication. 

4. Field theory and the anyon droplet 

We will now consider a model Hamiltonian that incorporates several features of a real 
FQH system. The starting point is a system of "free" anyons in a strong magnetic field, 
B, and confined to a circular region by a harmonic potential V{r) = cAq = ^mu'^r'^. The 
potential is weak in the sense that u <^ Uc, where ujc is the cyclotron frequency of the 
magnetic field. This theory is equivalent to having the particles moving in an effective 
magnetic field 



2 



e5eff = V(e5)2 + (2mcu)2~e5 + 2^— ^, (4.1) 

with the Hamiltonian H = aL + Nuf^ /2 where L is the total angular momentum operator, 
uf^ the cyclotron frequency of the effective field, and 

a = ±(eB^„ -eB)^'^ = ^. (4.2) 

2m eB ujc 

We also have a = v/R where R is the radius of the anyon "droplet", and v the "Fermi 
velocity" , i. e. the drift velocity of the electrons at the edge due to the harmonic oscillator 
potential eA^ (see ( |U.19|) ). The system is described by the following field theoretical 
Hamiltonian, 



H = a r dd xKO) l^de - ^f) + ^ dO' x\0')x{e') 
Jo I 2 Jo 



X{0) (4.3) 



where the Fourier transform of x(^) only includes positive frequency components. The 
Fermi (angular) momentum Kp has been introduced to fix the number of particles in the 
ground state. It corresponds to including a chemical potential 

1 ff 

/io = aKF + -ujf ■ (4.4) 

Throughout this section, we choose to work in the fermionic representation. Then, the 
particle number No of the ground state is determined by 

{iy+l){No-l)<KF<{iy + l)No (4.5) 

and for convenience we choose 

KF = iu + 1) (iVo - i) . (4.6) 
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The physical size of the droplet is 



i?2~r2(zy + l)iVo^roV, (4.7) 

ro being the magnetic length 



With the following transformation of the field 

1-2-K 

x{0) i^{9) = e'^-'^-^^^^ie), N= de ij\e)ij{e) (4.8) 

Jo 

the new field will satisfy the free field equation, 

{dt + ade)ij{e) = (4.9) 
and the total energy is simply a sum of single particle energies, 

Kiv] = Kj. (4.10) 

i 

In this case the possible values of k are determined by 

K = k + vn — Kp (4.11) 

where k and n are nonnegative integers. The ground state corresponds to having the 
negative k states filled, in the way discussed in the previous section. 

Expressed in terms of the V'-field, we then have a free field theory with the form of a 
chiral, massless fermion theory on the circle. However, due to the non-trivial periodicity 
conditions, the angular momentum variable k takes unconventional values. There is also 
a "bottom" in the Fermi sea - it is defined by k = —Kp, and thus related to the total 
number of particles in the system. As pointed out in the previous section (see ( |3.12|) ) the 
Hamiltonian does not have the free field form, but is given by 



H = aHL = a d9 ij^{9) \-idg - - d9' ij\9')ip{9' 
Jo I 2 Jo 



m- (4.12) 



The model discussed in this section has the form of a chiral Luttinger model, and for 
even values, z/ = 2m, it is essentially the same as the one used by Wen|||, |lOl to describe 



the edge excitations of a droplet of fermions in the lowest Landau level (see also Stone0). 
In our case, however, the Hamiltonian gives an exact description of the full anyon system, 
and the excitations are in general not excitations of the edge. The "Fermi" surface k, = 
corresponds to the edge of the droplet, and small k, will correspond to excitations close to 
this surface. But the field operator ip"^ also includes components (large positive k) which 
create particles far from the surface, and components (large negative k) which annihilate 
holes deep inside the droplet. One should also note that, due to the uncertainty relation 
between k and 9, an excitation that is sharp in 9 is totally spread out in angular momentum, 
or equivalently, totally delocalized in the radial coordinate r. 



12 



We now demonstrate that if we ignore the finite size effects due to the "bottom" of the 
Fermi sea, and consider the special values v = 2m, our theory is exactly the one used by 
Wen to describe the edge of a quantum Hall system with filling fraction l/(2m + 1). We 
return to the formulation in terms of the original field x ci-nd write the Hamiltonian (|4.3| ) 
in a form which is normal ordered with respect to the Fermi level. 



H = a 



Jo 



-ido 



(4.13) 



with Q = N — Nq a,s the charge operator. Writing H in this form we have redefined the 
field X by absorbing a phase factor e*^"^ and subtracted the ground state energy. This 



theory can be bosonized using standard techniques (for all the relevant details see |TT|). 
The bosonized form of the fermion operator is. 



62 



ue-at) 



2tx 



: 6 



i4>{e,t) 



where the chiral Bose field can be written in the form. 



1 



n>0 



(4.14) 



(4.15) 



The operator 0o is conjugate to the charge operator Q, [0o, Q] = h and the normal ordering 
in ( [4.14|) only refers to the operators a„ and aj, that annihilate and create neutral chiral 
excitations and satisfy the commutation relation [a.^, = Smn- The charge Q determines 
the periodicity of the Bose-field and can be interpreted as the winding number associated 
with this field. The Hamiltonian takes the bosonized form, 



H 



: (9e0)2 : +mQ' 

An Jo 



-(2m + l)g' 



.n>0 



(4.16) 



This Hamiltonian is precisely of the form discussed by Wen. However, the correlation 
functions of the fermion operators are obviously those of a free fermion theory and the 
short distance behaviour (which can also be interpreted as the large R behavior) can be 
calculated using either the fermionic or bosonic form of x and x\ 



{o\xKo,t)x{o,m 



271 e 



i 1 
2^6' 



(4.17) 



Thus, the operator x is not identical to the operator identified by Wen as the fermion 
operator |jlO|]. To find the correspondence to Wen's fermion operator, we first note that 
we, by a change in the definition of the Bose field, can absorb the interaction term of the 
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Hamiltonian and bring the full Hamiltonian to a free field form. The new Bose field is 
defined as 



t) 



, " 00 - V2m + lQ(e - at) + i y ^ a^e^'^^"''*) - ^e-'^^^""*) (4.18) 



and the Hamiltonian has the free field form 

H = ^ ■.{de~^f: (4.19) 

47r JO 

The parameter v = 2m now only appears implicitly in the periodicity conditions of the 
field 0. 

Corresponding to the Bose field we introduce the new fermion field 

„i(2m+l)(e-at) 

^f^e, t) = = : eV(2-+i)'^(^.*) : (4.20) 

V 27r 

This operator is the one which can be identified with Wen's fermion operator. The cor- 
relation functions for the operator do not correspond to free fermions (or a Fermi liquid) 
but are typically 

mKo,t)mtm - i-ir^^. (4.21) 

However, it may be important to note that this behavior is closely related to the fact that 
the anticommutator {x^(6', t), x(6'', t)} does not equal a (periodic) delta function, but a more 
complicated local distribution involving derivatives of the delta function. In this respect 
it is not a standard fermion operator. We also note that the Hamiltonian (|4.19|) does not 
have simple form when expresssed in terms of x cind . Thus, the form of the correlation 
function ( ^4.21|) is not sufficient to imply a strongly correlated ground state of Luttinger 



liquid type in the present model. This is not to say that the real electrons at a FQH edge 
do not form a Luttinger liquid. Remember that the fields in our simple model on the circle 
are related to the original anyons in the lowest Landau level by the transformation 5* (see 
( ^.27| )-( p.3U| )) which is not explicitly known. It is not inconceivable that the correlation 
functions of this anyon operator are more closely related to the correlation functions of 
the operator x rather than those of the field which describes the "elementary" fermions 
in our simple model. Clearly this is an interesting and important point to clarify. (For a 
related discussion see []T2[.) 



As stressed by Wen, the thermodynamic properties of the edge states in the QH system 
are the same as for a Fermi liquid and we expect the same in our model. In Appendix C 
we derive an exact formula for the grand canonical partition function for our model on the 
circle and show that the specific heat at low T is the same as the one derived by Wen for 
the QH system. 



14 



Finally, we point out that the transformed field ip ( [4.8| ), which satisfies the free field 
equation and obeys the modified commutators (|3.8| ), can also be related to the Bose field 
in a simple way. For arbitrary u we have 

^\9,t) = ^ : e'^^-'"^^'^-"'^^ : (4.22) 
v27r 



and the bosonized form of the Hamiltonian is as given by ( [4. 161) with 2m replaced by 



5. Concluding remarks 

In this paper we have exploited the one-dimensional nature of the lowest Landau level 
to formulate a field theory of anyons. The natural Hamiltonian in this theory is the to- 
tal angular momentum, which is essentially the energy operator in a harmonic oscillator 
well. The field theory is expressed with the holomorphic field operator (p{z) and the anti- 
holomorphic V2^(^) as the fundamental variables. In terms of these operators the angular 
momentum takes a simple form. 

We have also formulated the theory as a function of a real variable on a circle. In 
this formulation we cast the theory in free form by a non-local transformation on the 
fields. However, the non-locality is of a rather simple nature since it only enters via the 
total particle number N, and the transformed fields can be shown to satisfy rather simple, 
modified commutation relations. The corresponding Fock space structure is interesting in 
that it allows for an occupation number interpretation of the energy eigenstates. For a given 
state this interpretation is not unique, but must be specified by an ordering convention for 
the single particle states. 

The iV-dependent interaction can be interpreted as a kind of "statistical" interaction 
between particles with fractional statistics on the circle. There exists another realization 
of fractional statistics in one dimension that we have so far not mentioned, namely the one 



related to the Calogero model [T^, |14|. This is a system of particles in one dimension 
interacting by a repulsive ("statistical") 1/x^ two-body potential. Also this model has been 
shown to be equivalent to the system of anyons in the lowest Landau level |T5|, W^ , although 



again with no simple transformation between the two systems ||17|, pTSf. The correspondences 
to the anyons in the lowest Landau level suggest a close connection between the two 
different realizations of fractional statistics in one dimension. However, we have not found 
any explicit connection between the field theory considered in this paper and the second 
quantized version of the Calogero model. 

The theory discussed in this paper describes a system of non-interacting anyons in a 
strong magnetic field. It is related to the system of interacting particles in the sense that 
anyons are supposed to correspond to elementary excitations in an incompressible Hall 
fiuid. As pointed out, the theory is identical to Wen's theory of the edge excitations in 
the simplest FQH fiuids. An interesting question is whether corrections can be made by 
introducing particle interactions explicitly in the description. In particular, can the one- 
dimensionality of the system be exploited to simplify such a description? This is not so 
obvious, since the interactions, when projected into the lowest Landau level, may take a 
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rather comphcated form. This is seen aheady in the case of interacting fermions, where 
two-body interaction potentials in the full theory are mapped into functions of derivatives 
in the projected theory |TP|. In the general anyon case this projection takes an even more 
complicated form. Thus, the gain obtained by reduction of dimension will in general be 
compensated by a more complicated form of the interaction Hamiltonian and of other 
observables. 

However, some special types of interaction may appear in a simple form in the one- 
dimensional theory. The full anyon system is periodic in the statistics parameter u, so in 
the one-dimensional description, u is effectively constrained to < z/ < 2. The extension 
to larger values of z/, discussed at the end of section 4 in the context of the edge theory, 
should be interpreted as describing an anyon system with a special short range repulsion 
which excludes certain states from the spectrum. In particular, the odd-integer values of u 
larger than 1 correspond to fermions with a short range repulsion of the form discussed by 
Haldane |^ and by Trugman and Kivelson ^T|]. This additional repulsion can be viewed 



as due to a magnetic flux attatched to each particle, which corresponds to the "composite 



fermion" picture of Jain [g^. We may hope that the free-field form of the anyon theory 
discussed here may be useful to examine further certain aspects of the many-particle system 
with a repulsive interaction between the particles, but as already stressed, the real challenge 
is to derive the one- dimensional expressions for the original lowest Landau level electron 
operators (and for a general u for the original anyon operators). 
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Appendix A: Prom full field theory to the lowest Landau level 



We shall connect the field theory defined in Section 2 to the full field theory of anyons 
in a magnetic field. This problem has been studied earlier in the case of fermions in e.g. 
p3| . For the full theory of anyons in a magnetic field a (non-local) field theory can be 
defined in terms of bosonic operators ^{z,z) with a statistics interaction included in the 
Hamiltonian, 



H 



-— I ^Hz,z) 
2m 



DD + DD 



^(z.z). 



Here D and D are covariant derivatives, D = d — iA and D = d — iA, with 



^ — ^stat + Agxt 



d'z' p{z', z') 



1 z 
1 



z — z 



2' 



(A.l) 



(A.2) 



where p{z,z) = {z, z)^{z, z) is the density operator. Similarly, for the total angular 
momentum we have 



d'^z ^\z,z) 



zD — zD + zz 



(^{z.z) 



(A.3) 
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A wave function \I/ in the lowest Landau level obeys the condition 



D,^{z, ^) = (9, + I + ^ 5: -^)^(^, ^) = . (A.4) 

This can be translated into the following condition which involves the field operator, 

D^{z,z)P = 0, (A.5) 

where P denotes the projection on the lowest Landau level. (This can in fact be regarded 
as the defining equation for the projection P in the field theoretical formulation.) For the 
projection of the Hamiltonian we get 



PHP = -— I (fz P^\z,z) 
m J 



DD-l 

2 



^z, z)P 



eB r 

— j d^z P^^z, z)^{z, z)P. (A.6) 

When deriving ( |A.6|) from (|A.1| ) one seems to pick up an additional contact term 
~ / d'^z P<|)1"<|)"l'<|)$p from the commutator [D, D], but this term vanishes due to the pro- 
jection on the lowest Landau level. This follows from the fact that, for states in the lowest 
Landau level, the operator z)P vanishes like \z — z'\' when z' approaches z. 

This is shown explicitly in ( [A.QD .F] 

The expression ( |A.(j| ) is, except for the prefactor eB /2m, identical to the number op- 
erator for anyons in the lowest Landau level. In terms of the field operators introduced in 
Section 2, the projected Hamiltonian then gets the form 

PHP = ^ I d^z e-''(j)+{z)(j){z) = ^ fd^z e~''ip\z)ip{z). (A.7) 
The projection of the angular momentum is 

PLP = j d^z P^\z,z)[zD -zD + zz\'^{z,z)P 
= J d^z P^\z,z)z{d + ^)^{z,z)P 

+^ J dh J dh' P<l>\z, z)<l>\z', z')<l>{z', z')<l>{z, z)P. (A.8) 

There is a clear resemblance between this expression for the projected operator PLP and 
the corresponding expression ( p.26| ) for the angular momentum, which involves the field 
operators 0(z) or ^^(2;), and which is derived directly from the iV-particle description in 
the lowest Landau level. (Note however the factor z//4 in the expression for PLP.) To 

"'^For the full anyon theory the possible presence of an additional contact interaction, and its connection 
to the singular statistics interaction, is a somewhat subtle point. For discussions of this point see 
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examine further the relation between these expressions, we consider the connection between 

the projected field operators and the field operators in the lowest Landau level. We have 

(0|<l>(;2i,^i)...$(z^,^^)|^) = e ' 'Yllzi-zjl" {0\(Pizl)...^{zN)\^l^) (A.9) 

i<j 

for an arbitrary state \ip) in the lowest Landau level. This can be expressed as 

P<l>t iz,,z,) ...<l>t {z^,zn) |0) = e~'?'''^ n - -^.-l^^ (^i) •••'^^ (^n) |0) . (A.IO) 

i<j 

^From this we derive 

P$t {z,, z,) ... <l>t {ZN, zn) |0) = n \z, - Zi|>t (^^) p$t (^^^ ...$t (^^^ |o) 

= e-5^"^^^0t (zi)Pe''^'''' inki-l-ftM)*M)$t (^2,^2) (^iv,^7v) |0) (A.ll) 

which implies 

P$t ^) = e-^"">t (z) Pe^/^'"' ink--'l-ft(^',2')*(^',5'). (A.12) 
We introduce the operators 

S(z, z) = uj d^z' hi\z- z'\^\z', z')^z\ z') (A.13) 

and 

A = j <fz^\z,z)^{z,z)^{z,z) 

= ^ j d^z j (fz \n\z - z\^\z,z)^\z\z)^z' ,z')^z,z) (A.14) 

and the transformed field 

e^^^'e^^ {z,z) e'"^ . (A. 15) 
The operator $ satisfies the condition 

d^{z,z)P = 0, (A.16) 



<l>{z,z) = el2^"-wjj$(^^^) 



as can be verified directly from the condition ( |A.5| ). As follows from ( |A.12 ) the field 
operator 0(2;) is simply the projection of $ on the lowest Landau level, 

(j){z) = ^{z,z)P = P^{z,z)P. (A.17) 
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A corresponding expression can also be found for the dual field operator 0"*". We then 
take ( p.20|) as our starting point and manipulate it in a similar way as done above to find 
the operator (p. We get 



vr J 

- I (fz' e(""-^"')^>t(^')Pe2E(.',f')p. (A.18) 

TT J 



In the first of these expressions for 0+, the projection P to the left can in fact be omitted 
when P is present to the right. This is verified by showing that D^{z, z) gives zero when 
applied to the expression. According to ([A.5|) , this implies that the operator leaves the 



lowest Landau level invariant, and an explicit projection is not needed. By use of this 
property, and the corresponding one ( |A.17|) for 0, we can verify that the operators 
and 0"'" indeed satisfy the commutation relation ( p.22|) . We can furthermore show that 



the expressions (|A.6|) and (|A.8| ) for the projected Hamiltonian and angular momentum 
reproduce the correct form of H and L, when these are expressed in terms of the operators 
(p{z) and 0+(2) (see ( ^1251) and (^^)). 



It is of interest to note that the projection operators in fact can be left out altogether, 
when we consider the action of the operators on the subspace generated from the vacuum 
state by the action of We then write the field operators in the following way, 

TT J 

(P+(z) = - I d^z' e^'--^''^''^\z',z')e''^'''''\ (A.19) 

TT J 

This is so since the vacuum state belongs to the subspace projected out by P, and this 
subspace is invariant under the action of and 0"*", as explained above. 



Appendix B: Lagrangian formulation 

In this appendix we consider the classical mechanics of the Hamiltonian given 
in ( |3.4| ). In particular we shall derive the Poisson brackets and compare them to the 
commutators (|3.8| ) derived in the text. The Lagrangian corresponding to Hi is 

Ll = I r de x{0)m - Hl{x, x) , (B.l) 
Jo 

and by direct variation we obtain the equation of motion 

(tdt + ide - vN)x{Q) = . (B.2) 

By the transformation 

m = e-^^x(^^) m = e-^^^'x(^) , (B.3) 
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where = Jq^ d6 x{0)x{(^) ^ ( |B.2| ) becomes a free field equation for ip. 
The Poisson brackets between x and x a-^^^ canonical, 

and we calculate the Poisson brackets between ip and if) as 



(B.4) 



2tv 



dadjS 



6x{a) 6x{(3) 

-iA{9 - 9') + v{e - e')^{9')i){e) 



5x{a) 5xm 



Using a similar expression we also get 



(B.5) 



(B.6) 



In deriving these expressions, it is important to keep the correct sign of the argument in 
the positive frequency delta function S^^X^ — P) and to use relations like ( p.lO|) and ( p.ll|) 
to perform the integrals. 

If we quantize by the canonical prescription i{A, B} [A, B], we get 



[1 - tu{9 - 9')]ij{9')^{9) = 

[1 - tu{9 - 9')]^\9')'^\9) = 

[1 + tu{9 - 9')]^\9')ij{9) = A{9 - 9') 



(B.7) 



which agrees with the Bose part of the commutation relations ( p.8|) to leading order in u. 
Also notice that to 0{i>) there is no ordering ambiguity in ( [B.7| ). It thus seems that the 
classical limit must be defined by taking both h and u to zero, and then, in a sense, 
together with (|B.7D describes "classical anyons" for small u. 



Appendix C: Statistical Mechanics 



In this appendix we derive the grand canonical partition function of the system of 
particles on the circle discussed in Section 4. Again, we choose u = to correspond to 
fermions. 

The general expression for the grand canonical partition function is 

oo 

E[P,ft,V]=Y: E exp - /xAT)] , (C.l) 

N=l {uk} 

where {n^} denotes all possible configurations of the A^-particle system. We know from 
Section 4 that the total energy of A^ anyons in our system has the form 

E = a [j:knk + -N{N - l)j + -u^ff. (C.2) 
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(Here the ground state energy has not been subtracted.) Since we are working in the 
fermionic representation, the occupation numbers Uk can take the values and 1. 

Now we move the zero-point of the energy up to the Fermi level, which is assumed to 
be large. In this way we obtain a more symmetric picture with a deep Fermi sea and both 
particle- and hole states. As in Section 4, we rewrite N = Q + Nq, where A^o is some large 
number, and 



CX3 No — 1 oo 

k=0 k=0 k=No 

oo A^o — 1 1 

= + iVo)n+ +J2il-No + l)nr + -N^iN^ - 1) 

1=0 1=0 ^ 



(C.3) 
(C.4) 



where we have identified the particle- and hole occupation numbers as rii' = unq+i and 
= 1 — unq-i-i respectively. The charge, i.e. the total number of particles with Nq 
subtracted, is now given hy Q — Yl'^o'^t ~ Ya=o^'^T- Similarly, we rewrite the statistical 
interaction term. 



-vN{N - 1) = + -iyQ{2No - 1) + -iyNo{No - 1) 



2 ' '2 
and /iN = fiQ + iiNq. This gives 



— 1 p -j^ -1 oo 

1=0 ^ ^ -' 1=0 



+ 2^ ~ ^^^^f 



n 



where the effective chemical potential is given by 



e// 
c 



and 



Qo = a\{y + l)No{No - 1) - (/^ - ^a;f ^) iVo. 



(C.5) 

(C.6) 
(C.7) 

(C.8) 
(C.9) 

(C.IO) 



Now, assume that Nq is so large that it can be replaced by infinity in the sums above. 
Then, except for the term, our model looks like a fermionic system of particles and 
holes with odd- integer energy levels (with spacing a/2), an effective chemical potential 
yUg// and a zero-point energy Qq. The troublesome term exp(— /3z/a(5^/2) in the partition 
function can be dealt with by rewriting it as a Gaussian integral ( Hubbard- Stratonovich 
transformation) , 



exp 



I I3va 



(iaexp 



-Puaa'^ — i(5i'aQa 



(c.ii) 
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leaving us with a term which is only linear in Q, thus giving an imaginary contribution 
to the effective chemical potential which becomes /Xg// — waa. In summary, our partition 
function is now given by 



V Zn J-oD VI J 

(C 

where the fermionic partition functions are of the usual form 

where, in our case, e/ = a(2/ + l)/2. This expression can be rewritten in terms of the 
function 93(M,g), defined by 



03(^, g) = n (l + e^^^g^n+ij ^ g-2»^2n+i^ 11(1- g^") (C.14) 

n=0 n=l 
oo 

= ^"'e^*"", (C.15) 



where we identify q = exp[— /3a/2] and u = ^{Puaa — iPfieff)- We use the series represen- 
tation of the B function to perform the integral in (|C.12|) term by term, identifying the 
last product of G3 as the inverse of a bosonic partition function with integer energy levels 
(in units of a) and zero chemical potential. The series obtained after integrating over a is 
again a function and can thus be written as a product of partition functions as discussed 
above. The result of this calculation is 

= e-'^^»S^+^[/5,/Xe//] ■ -/ie//] = 0])"' = 0], (C.16) 

where 

-2n + l 



n=0 

00 



a(z/ + 1) — /i 



2 

-1 



(C.17) 



E]+'[/3,fi = 0] = l[{l-exp-/3[an{l + iy)])-\ (C.18 



n=l 



Thus, we have obtained an expression for the partition function of the system of particles 
on the circle simply as a product of fermionic and bosonic partition functions with shifted 
chemical potential and rescaled energy levels and a prefactor determined by the offset Qq. 
Taking the fermionic limit u = in (|C.16| ), we see that the two bosonic partition functions 
cancel and we are, apart from the offset, left with a product of the fermionic particle- and 
hole partition functions (characterized by /i > and fi < respectively). 
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A direct application of this result is the computation of the specific heat in the low 
temperature limit. To specify how to take the thermodynamic limit of the system, we 
write the parameter a which defines the energy splitting in the following form, 

a = —v^— (C.19) 

L Uc 

The length L, which we interpret as the circumference of the circle in the one-dimensional 
description, is defined as the length of the edge of the anyon droplet in the harmonic 
oscillator potential, L = 2nR. v then corresponds to the drift velocity of the charged 
particles at the edge. The large "volume" limit, L ^ oo is taken such that v stays finite. 
This implies that both uj and a go to zero in the thermodynamic limit. 

Our strategy now is to expand the thermodynamic potential, which is —kT times the 
logarithm of the partition function, in powers of the temperature, 

= 1^0 + ci(/i, L)T + C2(/i, L)T2 + ■ ■ ■ (C.20) 

and to combine the following expressions for the entropy and the specific heat. 



S = (C.21) 




Cv = T\ — ] . (C.22) 

V,N 



In calculating the thermodynamic potential corresponding to ( |C.16| ), we get two bosonic 
and two fermionic contributions, plus a T-independent term Qq. The sums over energy 
levels can be approximated by integrals, choosing as the integration variable x = j3an, such 
that dx = I3adn = (3a, which is small at a given T in the thermodynamic limit — > 
(a — *■ 0). Then, the two bosonic contributions become 

oo 

-kT\nZB[f3] = fcT ^ In (l - e-^*^") (C.23) 

n=Q 



and similarly. 



6 a(z/+ 1 

In a similar manner, we approximate the fermionic potential by 



kTln(zry' = -^r^. (C.25) 



- kT In [P, /ie//] ^ r^^T r dx In (l + ae"^') , a = e^^=^^ . (C.26) 
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If /ie// < then a — i> in the low-T hmit, and the expression ( |C26| ) becomes exponentially 



small. This implies that the contribution from the partition function of the particles 
vanishes for T — > 0, but for the partition function of the holes, which has exactly the 
same form, except for the sign of the chemical potential, there will be a non-vanishing 
contribution. For fi^ff > the situation is reversed, with a contribution only from the 
particles. There is an obvious symmetry of the total expression when the sign of fi^ff is 
changed. Thus, let us assume that the effective chemical potential is positive such that the 
hole contribution is suppressed. Then, the integral in ( |C.26|) can be calculated by rewriting 
it in the following way: 



r dx\n(l + ae-^) = T — Infl + y) 
JO ^ ''Joy 



'ff!^ rf!!^in,+ rf?i^,„fi + i] 

y Ji y Ji y \ yj 

= ^ + l{pMfr + ^ + 0{e-^''^^f). (C.27) 

Thus, we obtain the following expression for the thermodynamic potential of the total 
partition function: 

^^ = ^o + ^f^-^^ + ---. (C.28) 
2a(z/ + 1) 6 a 



Note that there is no first order term in T. ( |C21| ) and ( |C.22| ) then imply that, to lowest 



order, Cy is equal to the entropy. Also note that there is no statistics dependence in 
this approximation. To lowest order in T the chemical potential /ie// is, for fixed density, 
independent of T. Differentiating (|C.28| ) with respect to T and making the substitution 



a '^v, (C.29) 
we then find get the following expression for the heat capacity per unit length, 

cv = ^ = Ik^-. (C.30) 

This is identical to Wen's result for the specific heat of edge excitations in QH states, found 
from a hydrodynamical approach |P| . 
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Figures 




K = K = 

Figure 1. Two equivalent states of two particles in the u = 1/3 system. 
The left one corresponds to the normal ordering prescription ( ^.25| ). 
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Figure 2. The ground state of the i/ = 4/5 system. 
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